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Introduction



e Recursive formula for hyperbolic volumes (Mirzhakani 2004): .
e Recursive formula for random matrices (2006).
e Topological recursion (Eynard, Orantin 2007).

e Topological recursion for Gromov-Witten invariants (Bouchard,
Klemm, Marino, Pasquetti 2009).

e Link with Frobenius manifolds and Givental Formalism
(Dunin-Barkowski, Orantin, Shadrin, Spitz 2014).

e Topological recursion from Quantum Airy structure (Kontsevich,
Soibelman 2017).
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Definitions



Riemann Surfaces

A Riemann Surface ¥ is a connected space of complex dimension one
(e.g. C,CPLT,...).

A map x: X7 — ¥, between Riemann Surfaces is ramified at z if
dx(zp) = 0. Locally x can be written as

n

Z+— Z

for some n > 1 which we call ramification index.



Spectral Curves and Polydifferentials

Definition
A spectral curve S = (X, x, y, B) consists of:
e a Riemann surface ¥
e a covering map x: X — C with set of ramification points {r,}.
e a function y ~ >, faykxk/ra near each branchpoint
a

e a polydifferential B € (X x X\ A, 7} (Ks) ® 75 (Kx)) with
vanishing residue. That is

dz d. .
B(z1,z) ~ 217222 + holomorphic.
2122 (Zl — 22)
Definition
A polydifferential w, ,(zi, ..., z,) is an expression of the form
f(z1,...,2,)dz ... dz,. In other words, a section of

1 (Ks) ® -+ @ m,h(Ks).



Initial Data

Assume from now on only simple ramification z ++ z2. Let 0(z) = —z be
the local involution that permutes the two sheets near the ramification
point.

Given a spectral curve (X, x, y, B) define the following:
e A 1-form wp1(z) = y(z)dx(z)
e A polydifferential wo 2(z1, 22) = B(z1, 22)
e A recursion kernel

=1l faza(z) w072(207 )

Ka(z0,2) = 2 woi(z) — woa(o(2)




Spectral Curve X —_— Invariants wg (%)



Recursive Formula

Definition

Define wg, nt+1(20, 215 - - - 5 Zn) via the following formula:

wg,nt1(205 -+ 5 Zn) =
Z 5=e§ Ka(z0,2) | wg—1,n+2(2,0(2), 215 - .., 2a) + Z Wh,1+11(25 21)wpr 14151 (0(2), 21)
a h+h’'=g
T J={z,---, zn}

Recursion on the Euler Characteristic x(X) =2 —2g — n:

X(LHS) =1—-2g — n<2—2g — n= x(RHS).



Geometric Interpretation

n

wg,nt1(20, - - -5 2n) ~ Res K,(zo, 2) (wg,1,n+2 + wh, 14111 (2, z,)wh/,lﬂj‘(a(z), ZJ))) .



Properties
The polydifferentials wg p11(20, 21, - . ., 2,) satisfy the following
properties:

e Symmetric under the action of X :
Wen(21,. .+, 2Zn) = We,n(Zoy, - -+ 3 Z5, )

e Pole at the ramification points with vanishing residues.
e Symplectic invariance

e Modular invariance
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Consider the spectral curve S = ((C,x(z) =22/2,y(z) = z, a9z )

9 (21722)2
The brachpoint is at dx = zdz = 0 = z = 0 and the local involution is
o(z) = -z

—z
Figure 1: Curve x = y?/2.

d21 d22

In this case we have wo 1(z) = z°dz and wo 2(z1, 22) = s
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—dz;
2z(22—22)dz"

The recursion kernel K(z,z) =

dzidz __ dz;
RES 823(2 —z2) T 8z

) aED

o w03 21722723 —2 Reg KO Ao & OJOQ 24 22)w02( i Z3)

o wii(z1) :I;{:eg Ko(z1, z)wo 2(z, —2)

dzidzydz3
2 2.0 -
Zippr
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Applications




Kontsevich-Witten Intersection Numbers

The Deligne-Mumford compactification ﬂgﬁn of the moduli space of
stable curves of genus g and n is constructed by including nodal curves.

Let ¢; = c(L;). For > d; =3g —3+nlet

d
(Tdys Tdy - - - Tdly ) :/ 1/)11~-~1/)g”.

Mg.n
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Kontsevich-Witten Intersection Numbers

Set

n

(2d; — 1)!!
‘/ng(Zl7 800 ,Zn) S Z:<7'd17 000 ,Tdn>gH Wdz,-.
d i=1 i

Theorem

The W; , are obtained via topological recursion on the spectral curve

d21d22 >
(21 —2)?)"

<(C,X(z) = 22/2,y(z) =z,B(n,n) =

14



Hyperbolic Volumes

Fact

Any compact Riemann surface X with x(X) < 0 admits a (non-unique)
hyperbolic metric of constant curvature —1. If we require the
boundaries to be geodesics of fixed length then the metric is unique.

Consider the moduli space M, , of Riemann surfaces of genus g and n
boundary components of lengths (Ly,...,L,).

It is naturally equipped with Fenchel-Nilsen coordinates (6;,7;) (lengths

and twists).
15



Hyperbolic Volumes

Although (6;,7;) are not global coordinates,
w= H do; A\ dt;

is a well-defined volume form. Consider the volume of the moduli space:

Ven(Liserrs L) :/ o,
M

g,n

For example we have

1
Vos(Ly, Ly, L3) =1 Vii(L) = Ts(L2 + 472).
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Laplace transform

ng(l_l7 ey Ln) — Wg,,,(zl, 500
For example
1
1 — ———
#7Z
1 1 2
— (L2 + 4n? — 4+ —.
sl T4m) = gt

Theorem

+ Zn)-

The W; , are obtained via topological recursion on the spectral curve

((C,x(z) =22 y(z) = % sin(2rz), B(z1, z) =

le d22 )

(21 — 22)?
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Hurwitz Numbers

The Hurwitz number hg o(ki, ..., ky) is the number of ramified coverings
of CP! of genus g with 2g — 2 + n simple ramification points and one
point with ramification profile {ki, ..., k,}.

>—o
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Again we can perform a certain Laplace Transform

hg7’7 Wg,n-

Theorem
The W, , are be obtained via a topological recursion on the spectral
curve

((C,x(z) o ) D) — 2 Bl ) — dzldz?) .

(21 — 22)?
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Other examples

(From A short overview of the Topological Recursion).
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Further Questions




What'’s next?

Topological recursion for knot invariants (Jones, HOMFLY...).

e Given an enumerative problem, determine if it statisfies the
topological recursion.

e Given an enumerative problem, find the spectral curve associated to
it.

Quantum Airy structure analog for higher ramification.
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Questions?
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